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Abstract. In this article, two-particle Green’s functions are computed for different strengths of interactions
for particles in Hofstadter lattices, providing informations on spectral weights of doublons. The calculations
are performed for a finite lattice without disorder. The splitting in spectra under the effect of external
magnetic field for non-interacting and interacting pairs are compared.
PACS. 03.65.Ge Solutions of wave equations: bound states – 2.70.Hm Spectral Methods
1 Introduction
In recent years, there has been high interest in implemet-
ing the Hofstadter model [1] in optical lattices for neutral
atoms [2] [3] [4] [5]. The Hofstadter model takes into ac-
count the effect of external magnetic fields on electrons in
lattices by making the hopping amplitude complex. The
model is mimicked for neutral atoms by periodic modula-
tion of lattice potentials, which averages to zero force, but
produces a complex phase factor on momentum depen-
dent hopping or tunneling amplitudes of atoms in lattices
[5]. This opens the possibility of simulating [6] integer and
fractional quantum Hall [7] systems and topological insu-
lators [8] in disordered 2D optical lattice systems. The
model can be derived by Peierls substitution [9] from the
tight binding 2D Hubbard model .
H =
∑
〈ij〉
e−ıφijJija
†
iaj +
∑
i
Uia
†
ia
†
jajai. (1)
In this paper, the same hamiltonian for two interacting
hard-core bosons is studied.
Hpq =
∑
〈ij〉
[
eı2pi
p
q iY Ja†iX+1aiX + Ja
†
iY
aiY +1 + h.c.
]
+
∑
〈ij〉 V a
†
ia
†
jajai (2)
where i, j are the site indices of two particles and the axes
dependency (X,Y ) is removed from the interaction term
for simplicity. The p and q indices are integers coprime
to each other. The terms in the Hamiltonian is clearly
depicted in Fig. 1 for a real space 2D lattice.
The spectral weight for interacting particles can be
obtained from calculations of two-particle Green’s func-
tions as described in Eq. 4. The spectral weight of 2D
Send offprint requests to:
Hubbard model has been investigated before [10] [11] [12].
However, the effects of external magnetic field on the spec-
tra of interacting particles are yet to be understood [13].
The calculations bring significant difficulty due to the di-
mensionality and exact diagonalization is limited to small
system sizes. A scheme based on recursion [14] [15] can
be employed for such calculations which allows to perform
computations for larger system sizes. Using this method of
recursion, the spectral weights can be obtained from two-
particle Green’s functions for a range of interaction. These
calculations can provide exact spectral weights for inter-
acting particles from non-interacting regime to strongly
interacting regime. However, the two-particle Green’s func-
tions do not account for higher order Green’s functions
which involves three-particle and four-particle interaction
terms and so on. Those terms are expected to be negligi-
ble where the filling fraction is not more than two particles
per site in the lattices.
2 Calculations
For the Hofstadter model in 2D lattices, the calculationed
are performed using a recursive method from real space
retarded Green’s functions.
G(ω) =
1
E −H + ıη (3)
where η is a very small positive real number and the time-
independent propagator from two particles are obtained
from G(m,n,E + ıη) = 〈mn|G(E + ıη)|m′n′〉. Here, m′,
n′ are initial sites occupied andm, n are final sites. The in-
dices m′, n′ are omitted wherever unnecessary for brevity.
The spectral weight is obtained from
A(m′n′, E) =
−1
pi
Im[G(m′n′, E + ıη)]. (4)
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Fig. 1. The hopping and interaction terms in 2D Hofstadter
model for hardcore bosons. The phases φ, φ′ for hopping terms
on X axis depends on lattice site indices of Y axis.
These calculations are performed in real space lattices
which becomes difficult for large system sizes. Exact diag-
onalization can only take account of few houndred sites.
However, a recursive method developed for such calcula-
tions [?] can perform calculations for larger lattices with
more than thousand sites. Such calculations provide re-
sults with lesser finite size effects. The recursions are based
on listing several Green’s propagators into vectors accord-
ing to some conserved quantity of the Hamiltonian opera-
tion and coupling such vectors with their coupling matri-
ces.
GR=m+n(E + ıη) = αRGR−1 + βRGR+1 +C (5)
where C = 0 ( or 6= 0) when R 6= m′+n′ (or = m′+n′ =
R′). Once αR and βR matrices are found for all R, the
computation becomes straightforward task of recursion as
described in detail in reference [15]. In this study, the cal-
culations are performed for interaction strengths between
two particles ranging from no interaction (V = 0) to weak
interaction (V = 4) to strong interaction (V = 12) cases.
The 2D lattice consists of 30 sites per dimension. Sev-
eral combinations of (p, q) were considered including the
case for q =∞ which amounts to zero magnetic field and
provides spectral weights of interacting particles for 2D
Hubbard model. The combinations (1,2), (1,3), (1,4) are
shown in this article. The initial sites m′ and n′ involved
in the calculations were taken as two adjacent sites in the
middle of the lattice as depicted in Fig. 1 with complex
particles hopping parameters on X axis and real hopping
parameters on Y axis. The value of hopping parameter J
is taken as an unit (J = 1) for all calculations. The value of
η was chosen arbitrarily which determines the width of the
spectral lines. A standard value of η = 0.05 was chosen for
the calculations of this study which is within the accept-
able range (0.01 ≤ η ≤ 0.1) for such studies. The spectral
resolution was fixed for these spectra with a uniform gap
of ∆E = 0.05. Each separate points of calculation of E
within the spectral bandwidth are independent and can be
parallelized. The calculations were benchmarked with full
diagonalization and the Green’s propagators computed us-
ing the recursion method are accurate to that computed
from full diagonalization [15] within the single precision
range of floating points.
3 Results
The spectral weights of the doublon without any magnetic
field show signatures of binding when interaction strength
is increased as shown in Fig. 2. The weak interaction case
(V = 4) show a sharp increase in weight from E = 4 fol-
lowed by a plateau and a sharp drop at E = 5 followed
by a long tail. The strong interaction case (V = 12) show
a sharp increase from E = 12 followed by a sharp drop
before E = 12.5 and a long tail. The reduction in band-
width of the spectra can be attributed to flattening of
bound state band with increase in interaction strength.
The spectral weights for the cases with p/q > 0 show
expected splitiing. However the number of major bands
which can be observed from the spectra are different for
non-interacting case from interacting case. The non-interacting
particles show a sharp peak at E = 0 with the q − 1
number of broad peaks on both sides of zero. Each of
these broad peaks has a non-homogeneous shape with
more peaks inside them. For increasing interactions, these
broads peaks seem to be merging with each other. These
spectral weights indicate that the underlying physics of
interacting particles in the presence of external magnetic
fields is complex and the splitting of spectra has a complex
dependence on q. The distribution of weight is symmetri-
cal for non-interacting case. In presence of interaction the
the distribution of weight is inhomogeneous across ma-
jor bands. For (p = 1, q = 2) case, the weak interaction
case show larger spectal weight towards the higher ener-
gies while for (p = 1, q = 4) the spectra has more weight
towards lower energies for the same interaction strength.
Higher q/p show sharper splitting and increased band-
width. An trend in asymmetric distribution of weight can
be noted as higher q/p and higher strength of interaction
V effecting in moving the weight to lower energies. This
trend can be understood to be reversed for q/p > 1/2 as
(q−p)/q and q/p has same spectra. However, the effect of
splitting on character of bound state cannot be interpreted
from the spectral weights.
4 conclusion
In this study, the spectral weight for two interacting parti-
cles occupying adjacent sites in an ideal 2D lattice under
the effect of homogeneous external magnetic field is ob-
tained from recursive computation of two-particle Green’s
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Fig. 2. Spectral weights of doublon for non-interacting (V = 0), weakly-interacting (V = 4) and strongly-interacting (V = 12)
cases for p = 1 and q =∞
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Fig. 3. Spectral weights of doublon for non-interacting (V = 0), weakly-interacting (V = 4) and strongly-interacting (V = 12)
cases for p = 1 and q = 2
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Fig. 4. Spectral weights of doublon for non-interacting (V = 0), weakly-interacting (V = 4) and strongly-interacting (V = 12)
cases for p = 1 and q = 3
functions. The effect of external magnetic field on spectra
of interacting particles are observed and analyzed. more
calculations, however, are required for understanding the
effect on dynamics of doublon.
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